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1. Definition of integrals.

TR ST T R,

In this report the method of calculation is given of those

1ntegrals that play a role in the first part of R 53. So we shall
treat successively:

I, ()= J ~illcosh sinh ng& d¥ . (1.1)
I )= Jfé”lQCOShS.§81nhn§,dg (1.2)
JﬁnﬁﬂJ= ﬂjeuiﬂCOShg e~ 15 dt . (1.3)

5 sl e

A (B, ) =(-1)" E@'(O)ﬁ[re”l cosh ;w%?jmmwrd . (1.5)
B H / Ne_ =7(0)
Furthermore we notice that
QO

H;(QJ: 5 e H&E)Lﬂjm j ewiﬁlCOSh§>cosh.ng ag , (1.6)
o
where HEE)CQ) means the Hankelfunction of the second type.

Most of the integrals are only defined for those values of Sl
that have a negative iﬁaginary part, But we may consider them To
be defined on the real axis by znalytic continuation.,

Also, some of the formulas, used hereafter, are only justified
agaln by analytic continuation.

2. Series expansion of the integral I _(Q).

We state first ef all, that for n 4 0 the integral only conver-
ges if the imaginary part of L is negative. For realll In(ﬂ) is

defined by analytic continuation.
From formula (1,1) one sees easily, that the following recurrence-

AN

relation helds

Q) - I ()=~ 2BL 1 (@) -2 & (2.1).

L o) Q

n+ 1
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“hen . is real, we find

IO Q)= O ( )
2.2
()= - 2 =18

1. 5

By means of these relations (2.2) and (2.1) it is possible to
compute Inﬁl) for each n and each$l . It is however our intention
To compute separately the part ef the integral that is singular
for Q0 = 0 and the other part (the regular pars). The reason for
this lies in the fact that we have te form later on

St 81

1 -%Yn ) + IHCQ)? where Yh(DJ is the Besselfunction of the

Tirst kind and second type of order n. The singular parts of the
Ttwo functions cancel eachother anart from a logarithmic term.
Carrying out the recursion we would for higher values of n only
ebtain the singular part o1 InGQ),'unless we would perform the
calculations to an excessive number of figures, and therefore the

regular part could not be found with any accuracy. Therefore we
UGS

> P
ST k—-n
I Q)= 6;6 9n;k£1“ (2.3)

and we heve the relansions

Co,x = Fr (k1)
Y |
C%ﬂizzgﬁﬁﬂm~(3kﬁ8)(km1)
4%wk+2
cy e = T (=1)(k=3) (k-4)
---h..-l—}
Ce o = "T‘r‘“‘“ (k—1) (1r--3)(51c -50k+128)
24 -k
C6 } = ivmv(kw1)(k~3)(kw5)(3k ~38kc+128)
i~k+1 3 5
co 3 = Ty (k=10 {k=3) (k=5) (7K~ 154k +117€x~3072)
81“k+2 3 ’
cg o = g (k=1) (k=3) (k=5) (k=7) (k°-26%"+240k-768)
.....1{..1.3 (L;..,). 4 3
Cq 1 = METmmr(kn1)(km3)(kw5) Okt =34 8Kk>+5292%°~36912k+98304 )
7

2 =1
10,k “‘“?““212. (k=1) (k=3) {k=5) (k=7 ) (=9) (5kT=220Kk>+3868Kk"-

~31472k+98304),
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/e computed first for fixed n the coefficients Cm”"‘ (k = 0,1,2...),

and then the singular vart was formed as 3 C,, .D_ k"n and
o ‘ k=0 . ’
. _ K-
the regular part as 2 Ch 1 94 .
’

k=n
All calculations were made in 8 figures.

3, Calculations of the functions I'(l).

A -k SN —, o T s it I O, - e I - I < i R . v S -l <0 IR o i - o RO ST Sprg— TN ¥ T TN e ——_ TR . S EEW

'he
Te put I_(z,0) = omtiLoeshY o ne g (3.1)
STe |
Io(z,ﬂ)m 0 (3.2)
T (2,0 )= - ;_ ~1iflcesh z (3.3)
d

and we have again . recurrence-relation

2 ~-1{l cosh z
(u,ﬂ.)w "hl y E”,ﬂ):‘:-i‘n- ~ 'Q" cosh m Z +-“~fl—_' L (Z,.O_)

m—?

(3.4)

From these rel-otions it is clear that I_(z .Q_) can be written as
a linear combination of terms P (Q_) ~icesh z cosh m z, where Pm(..(l)
is a pelynomial in O e degr‘ee m<n,

fuarther we knows

o0 w3 0

qu (z,5)) dz = - ] AN / emiﬂCOShg sinh m¥ 4% =
7 | i - (3.5)
= ] c~iilcesh g §,E:~;inh m§ Q¥ = II;_I(D_)
o

By means of (3.4) we get the recurrence-relation

2 A 2 m
n+1(ﬂ)” I',_.._q(ﬂ) = I Hm(.ﬂ_) T T Irh(ﬂ) (3.6)
and our results are

e D% D ¥

12(ﬂ-)m - “5_?; I.‘L;a‘:}‘(ﬁ} + m H"] (Q) »
%

i — - v ; H — H (-ﬂ)#

I ()= i (4 “51_3-) (1) .sl 1

_ 3 3\ 4
I3()= (- 25 iﬁ H @) - 1( - ~—-3-> H, () .

rio)= - 12 - 2 B ma)e (-5 20 1, ()



i _th‘ ) _Q_é) “0_8 Ql Q U

_3(10 _ 3840 , 1850688 _ 70926336 , 525606912y y*(n)

7€ X \ |
HO(D_) and T.(Q) ars fraad as

- ™ ™
Q)= - 5 Y () - 5= J,(a)

(3.7)

-ny

It 1is alse possibic to use thie relation (3.6) for the computa-
tion of the I!({1). The values (3. 7) are taken from a table and

when we need Y_ (1) with n>2 we can use
L

\ / _ en -
Yn+1(ﬂ/ - YIT:..-—-']\“Q) =0 fn(.ﬂ..) ' (3»8\

Computetions cf /\_p (1),

s, o . T el s e el Al i T Y

Wil

In order to couwdtic _/'\n(Q) we proceed in the following way

e
A
/\"‘n(--o* )= 1 - 1..8. COSL§ o ng (3.:5’ _
A .
32 6O
— f e-—"iﬂ 'L":OE;h.i coah ngd{“ { ewlﬂ COSh‘E sinh n\g dg
O W,

* -
= H _(G) - T (£ o (4.1)



(4.3)

It 1s clear that we can emit at once the singular part of In(ﬂ.) .
Furthermore it is necessary to omit this part, when we do not want
to compute with twenty er more figures. "hen "Reg" means regular
part and "Re and Im" real and imaginary part, and further ‘){ means
the constant of Euler, we have for odd n:

N
2

Im A (D=(-1) % Reg Y _(N)-Im Reg I (M)«
n+ 1

Re Ay ()=(-1) 7 F 5 () - Re T,

and for even n:

Il
-]
Im_/tn(_()_)m(m‘l)g %J JI'].('Q) - 1Im In(ﬂ.)

Il
. ‘g'i"‘l ' 1’1+1 N
ReAn(ﬂ)’f(”) -g Reg Y ({1) - Re Reg In(f}.)+(_.1)7 (3&-.]_0@;‘%)Jn(.& X

(4.5)

All computations were made again in 8 figures and checked by

means of the recurrence relation:

ﬂ[/\-nw1(f7_) -A (D_)] + 2 1 e”ig“ - 2 n i/\.n(ﬂ) =0 (4.6)

n+ 1

This recurrence formula (4.6), however, could not be used for
the computation of _/\..n(ﬂ,) , because we should lose significant

digits at each step.
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- Celowtations o £,(3,0) smaly(p,0).

First we express the function Ne (nZ) (§) defined by (11.2) of
R 53, Int 2.1 into a modified Fourier-expansion ef the form:

Nel(lz)(g ) = b{ - § Sen(§) + Z.o_ ggmn) cosh mg} + a Sen(g)

m=0
(5. 1)
Using the relation (13.1¢) of R 53, Int 2.1
R 1) 5.
and Ne(z)(b)-— a Z m B(n), (5.3)
m=1 o

following (9.3) of R 53, Int 2.13.
e have alsoz:

0 e (2)
_ (n)! | .-iQ cosh oy e (&)
Kn(p,ﬂ):—. {Inzu'jl m an E J o 1L COS g{ sen(O) M +
. ﬁ; B(mn)e....mg} % -
i m B(n) 2
=l = ) 11 p{n) (3 ) - T(n% *
g'*'log%'*'“?%}; II12:=-1 461 ( )+ IHZMO[ ( Og -+ --2-— m HT

(5.5)

and

- _O_coshg Ne(z)(ﬁ)
/\ (A, 0)=(-1)" se! (0) L _
[3; .f '““T?TESY d &

K@, &
- (--1)n§ IsleP 5T - 2 BIE’Ln)A‘m(ﬂ)J : (5.6)

n - =1
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It must be noticed that although the B(mn) are decreasing rapidly
with increasing n for small values of q, the series

o0

Z_ B(n) Iﬁ;l(ﬂ.) and ﬁé_@_ [B(mn)(log -1;-:; + -—75-3:“-)-- T(mr_lz/ H;(fl):*- K:_CQ)

m="1 =

are difficult to compute. The terms of the last series appear to
approach those of a geometrical series for large m
Following R 53, Int 2.5 (3.1') we may write

(n) _
Bori1™ (5.8)
when ¢ 1is small and r large.
e shall use frequently the abbreviations
— q2 : k = e?——ﬂ . (5-9)
(5.10)
(5.11)
(5.12)

when [} is small enough.
Taking p = 0 we easily get the asymptotic approximation faor odd

s : (1‘1)
Irx(ﬂ)___ “_ KOzO
Ln —

1

and for even n

(n) &= |
()= _ﬁ%g ; _, (%)Zr %}i{log 5 + T - (r)}. (5.14)
r=

These approximations, however, are not so suitable as wéd should
prefer. The parameter {l is namely toce large to make the asymptotic
representation (5.12) effective. On the other side, the relation
(5.14) gives a valuable hint for the computations. Then m is still
increasing the quotient of%ccesaive terms must converge %o [32,.



R 53, Int 4,9.

th

So we did put when the actual quotiént of the m™ Term by the next

oY X
L < .. (5.15)

First, this was used as & cheéck upon original computations, but,
afterwards, we could calculated the «,, X,, etc. from the
Q. (m = 9,... 15) and then compute the other terms of our series

P";(Q.) as a product of Qm and the (m-1 )th term.
All calculations oi Kn(p,ﬂ) and Qn(p,ﬂ) were made with a ahsolute

accuracy of 5 digits.

6. Computation of -

»

0f course, it is easy by means of Chapter III of R 53, Int 2
to calculate n
. (2) b) g( )
- B (6.1)

This is, however, the right place for a check, Using the expansion
of the Mathieu-functions in Bessecl-function-product-series (cf.
e.g. Mac Iechlan, Theory and Application of Mathieu-functions, P.

251)
de have:
ne$2) ()= x-j":"i (=) Béin){ 7, (ee”3)H2) (ke)-T ., ; (ke“g)Hif?‘(l{e‘i)}s
= 6.2"

| Ne(2) ()= D (=T B(inﬂ ){J (ke=5)u'2) (xe¥)- Jr+1(ke“£’)H§_—-E%(ke§ )}
(6.3)

8
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— | |
Ve substitute the values of J)!(ke 5) , H&?) (ke>) and HJSZ) (ke>)
and after a few reductions we get

O

”@éi) (0)= Izzv (=17 ?gn) 4r{J ()~ rﬂ(k)JrH(k)} N
+ i 2r { I ()Y (k)= 2 3 ()Y _(k)+J_ (k)Y (k)}]
(6.6)
(2) 21 3 .

(0)= E‘?’ ;ﬂ (-1)T 2r Béﬁn) 77;%75 seén(%), (6.7)

Nel2) (0) = x;o (-1)F B32Rt1) {x {a2(x)- Jr“1(k)Jr+1(k)}}¢
; i{ {5 ()Y, (0= 2 3 000Y, ()43, ()Y, () +3, ()Y, (k)
J_.(k) Yr+1(k)}}], (6.8)
NOéiL(O)ﬂ % I;O (=17 Béilj-‘!l-‘l) B “%j'i'c' S€one1( 7 ) (6.9)

It may be noticed that the computations made by means of (6,1)
and those made bv means of (6.6) till (6.9) gives the same result
in 8 digits.

7. The big catalogue.
Now we are able to compute several functions we need., All

computations were made as Tar as necessary. S0 we l1ave:s

oy

s, = % B(H?) (7.1)
se_ (9= 2; B sin md (7.2)
se!(J)= 51 m Bgnn) cos med (7.3)
se) (0)= ;; m BS;) (7.4)
se, (5)= i B(,;) sin m % (n 08d) (7.5)
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(7.6)
(7.7)
(7.8)
(7.9)
(7.10)
+ a B(I;)%/Ln sen(«@/) (7.11)
5 = ;,_1 Qn/ m/i se, 7.12)
2 xet??(0) J
Z} Q,,/B — f, se (J) (7.13)




4 T T /B : _ ‘
'D"V‘l“"pd — Qn Neznz)(O)/bn _—F? (7.16)
5 gﬂ{ #8@) - 5 5] (7.17)
6 = e o (7.18)
\/1.._.;3 .18)
(7.19)
S@n(ﬁ)-}- Z6

anﬂ) (7.20)

() _ MI;AH(-P,Q)QH/B + I, ( |
> - 7 > (7.217,

u5 + 2 1,1221 Kn(P,Q) h

and then the coefficients used in (9.22) page 31 of the report F 54
>f the National Aeronautical Research Institute are found by

k, = 2 a(oﬂ Zy + 2 2 (7.22)
k, =2 a(,.,z) Zq4 + 2 D) (7.23)
m, = 2 a(oﬂ 7y + 2 2, (7.24)
m, = 2 a(og) Zy + 2 2 (7.25)

All computations of these coefiicients were made in 5 fisures. The
inaccuracy may be 3 or 4 unlits of the last decimal except for the
highest value and the smallesT values of {1 . In the last casc the
inaccuracy will be much better, 1.e. 1 or 2 unite, in the other

the 1inaccuracy may exceed perhaps 4 units.



